We consider the version of QCD in Euclidean Landau gauge in which the restriction to the Gribov region is implemented by a local, renormalizable action. This action depends on the Gribov parameter γ, with dimensions of (mass) 4 , whose value is fixed in terms of ΛQCD, by the gap equation, known as the horizon condition, ∂Γ ∂γ = 0, where Γ is the quantum effective action. The restriction to the Gribov region suppresses gluons in the infrared, which nicely explains why gluons are not in the physical spectrum, but this only makes more mysterious the origin of the long-range force between quarks. In the present article we exhibit the symmetries of Γ, and show that the solution to the gap equation, which defines the classical vacuum, spontaneously breaks some of the symmetries of Γ. This implies the existence of massless Goldstone bosons and fermions that do not appear in the physical spectrum. Some of the Goldstone bosons may be exchanged between quarks, and are candidates for a long-range confining force. As an exact result we also find that in the infrared limit the gluon propagator vanishes like k 2 .
I. INTRODUCTION
We are reasonably confident that the interactions of quarks and gluons are correctly described by the nonAbelian gauge theory known as QCD. This confidence is based on the success of perturbative calculations at high energy and numerical calculations in lattice QCD. However we lack a satisfactory continuum description the phases of QCD, comparable to the Higgs model of electro-weak interactions, and it remains a challenge to understand the confinement of quarks and gluons at the non-perturbative level. There are several suggestive scenarios, which involve the dual Meissner effect with condensation of magnetic monopoles, the maximal Abelian gauge, the maximal center gauge, and the Coulomb gauge. There is also a scenario in Euclidean Landau gauge that originated with Gribov [1] that is based on the insight that there exist Gribov copies -that is to say gauge-equivalent configurations that nevertheless satisfy the (Landau) gauge condition -and moreover that the dynamics is strongly affected if one cuts off the Euclidean functional integral to avoid over-counting these copies.
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This cut-off is non-local in A-space. However just as the non-local Faddeev-Popov determinant may be represented in a local action by means of Faddeev-Popov ghosts, so the non-local cut-off in A-space may be represented in a local action by means of additional fermionic and bosonic ghosts [3, 4] . The renormalizibility of this local action has been established [4, 5] , and its consistency has been studied [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] .
Ideally one would like to cut off at the boundary of the fundamental modular region, Λ, which may be taken to be the set of absolute minima on each gauge orbit of the 1 For a connection between scenarios in center and abelian gauge and the Gribov scenario, see [2] .
minimizing functional in D Euclidean dimensions [18] [19] [20] 
Here g A µ = g −1 A µ g + g −1 ∂ µ g is the transform of the non-abelian gauge potential A µ (x) by the local gauge transformation g(x). However we lack an explicit description of Λ, and we instead integrate over the Gribov region, Ω, which is the set of relative minima on each gauge orbit of the minimizing functional, a region that is convex and bounded in every direction [20] . The Gribov region is larger than the fundamental modular region, Λ ⊂ Ω and Λ = Ω [19] . However, since the integral over Ω can be represented as a functional integral with a local renormalizable action, it provides an interesting quantum field theory of non-abelian gauge fields which is worthy of study in its own right. Moreover the restriction to Ω has dynamical consequences which substantiate the confinement scenario originally proposed by Gribov, so this provides a valuable pathway to confinement. In the present work we shall derive some exact dynamical consequences starting from the local, renormalizable action by the operation of the Goldstone mechanism.
The organization of this article is as follows. In sect. II we introduce the local action S and the horizon condition, and we exhibit a BRST operator that is explicitly but softly broken. The one-loop vacuum free energy is calculated in Appendix B. In sect. III local sources and the quantum effective action Γ are introduced, and we show that Γ enjoys the rich symmetries of the BRSTinvariant part of S, provided that the sources are suitably transformed. In sect. IV we show that the horizon condition spontaneously breaks the symmetries of Γ. The Slavnov-Taylor identity is derived in sect. V. Sect. VI is based on the results of Appendix A where the Ward identities corresponding to the equations of motion of the auxiliary ghosts are solved, as is the Ward identity corresponding to the integrated equation of motion of the Fadeev-Popov ghost c. This allows us to replace the quantum effective action by the reduced quantum effective action Γ * , which depends only on a reduced set of variables. In sect. VII the Slavnov-Taylor identity satisfied by Γ * is derived. In sect. VIII the global Ward identities satisfied by Γ * are derived, which include supersymmetry transformations. In sect. IX the basic tensor invariants under these symmetries are constructed. New on-shell symmetries are derived in sect. X, and the surviving tensor invariants are constructed. In sect. XI, Γ * is expanded about the symmetry-breaking vacuum determined by the horizon condition, and the "flat" directions are found. In sect. XII the leading derivative terms in the "flat" directions are found. In sect. XIII the effective action in the infrared limit is exhibited. In sect. XIV the infrared limit of the propagators of the Goldstone particles is found. In sect. XV the infrared limit of the propagators of the gluon and the non-Goldstone ghosts is found. In sect. XVI the effective quark-quark interaction due to the exchange of one Goldstone particle is found. Sect. XVII presents an alternative interpretation of the results in terms of spontaneous breaking of the symmetry of the local Langrangian density. Sect. XVIII contains our concluding remarks.
II. LOCAL ACTION AND HORIZON CONDITION
A local renormalizable action is defined by
where
and
is the Faddeev-Popov Lagrangian density. The YangMills field tensor is written 
where f ≡ D(N 2 −1) is the number of components of the gluon field A a µ . If this term were absent, the integral over the auxiliary bose and fermi ghosts would produce cancelling factors of the Faddeev-Popov determinant det M, leaving the Faddeev-Popov action. The term L γ is of dimension 2, whereas all other terms in L are of dimension 4. The system just defined has been studied and its renormalizability established by considering the symmetries of the 4-dimensional action L 0 , and treating the 2-dimensional term L γ as a soft breaking of these symmetries [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] .
The Gribov mass, γ, is not a new, free parameter in QCD, which would be unacceptable, but is determined in terms of Λ QCD by the gap equation,
where Γ(γ) is the vacuum free energy,
and Φ α = (A, c,c, b, φ, ω,ω,φ) is the set of all fields. This gap equation is called "the horizon condition" because it was derived from the condition that the functional integral be cut off at the Gribov horizon. The gap equation has no solution at tree level, because
where Ω is the Euclidean quantization volume, and the equation
∂γ = −Ωf = 0 indeed has no solution. At one-loop, the gap equation does have a solution, so it is an inherently non-perturbative condition, and yet, remarkably, it is compatible with perturbative renormalization. The one-loop contribution to the vacuum free energy, Γ
(1) (γ), is calculated in Appendix B, with the result
where µ is a renormalization mass, and g = g(µ/Λ QCD ) is the renormalized running coupling constant. For γ > 0, this function has a single stationary point 2 at [1, 3] 0 = 1 Ωf
This gap equation has been calculated to two-loop order [7, 8] . The last equation reads 0 = 1 Ωf
and has the solution
We define a BRST operator that acts on the FaddeevPopov fields in the usual way
and that acts on the auxiliary ghosts according to
It is nil-potent, s 2 = 0. This operator is a symmetry of the local lagrangian at γ = 0,
Indeed L 0 may be written in the standard form for BRST gauge fixing,
so sL 0 = 0 follows from sF 2 = 0 and s 2 = 0. For γ = 0, this symmetry is explicitly but softly broken by the term L γ of mass dimension 2,
III. THE SYMMETRY OF Γ IS THE SYMMETRY OF S0
It is helpful to consider the theory just defined as a special case of a more symmetric theory. As a first step, we write the multiplet of auxiliary ghosts as φ 
and the BRST operator acts according to
The mute index i takes on the values i = 1...f , where f = (N 2 − 1)D, which is the number of components of the gluon field A a µ . As a second step, we define the local extended action [4] .
, etc. The local sources K and L are familiar from Faddeev-Popov theory.
The action, (2) . However the full action is recovered from the extended action
by setting the external sources to the particular values
where we have reverted to the previous notation, i = (b, µ). The last two terms in the extended action (M, V ) − (U, N ), depend only on the sources, and at Q = Q 1 the term (M, V ) takes the constant value (M, V )| Q1 = −f γ which is the last term of L γ , eq. (7). The term (U, N ), which vanishes at Q = Q 1 increases the symmetry of Σ, as we shall see shortly.
The extended action Σ(Φ, Q) has all the symmetries of the action S 0 (Φ), provided that the sources Q are suitably transformed. This is a far richer set than the symmetries of the action S. It includes the Slavnov-Taylor identity that follows from the s-invariance of S 0 , a U (f ) symmetry that acts on the index i, and additional symmetries found by Maggiore and Schaden [5] which we will turn to shortly.
We repeat for emphasis. The full action action S(Φ, γ) breaks the symmetries of S 0 (Φ) softly but explicitly. By introducing external sources Q, we have replaced S(Φ, γ) by the extended action Σ(Φ, Q) that respects all the symmetries of S 0 (Φ) when the sources Q are suitably transformed. The action S(Φ, γ) = Σ(Φ, Q 1 ) is recovered at a point Φ = 0, Q = Q 1 that breaks the symmetries of Σ(Φ, Q). We shall see shortly that this symmetrybreaking point is spontaneously chosen by the horizon condition.
To complete this section we introduce the quantum effective action Γ(Φ, Q), that possess the symmetries of Σ(Φ, Q), and thus of S 0 . The partition function
depends on the sources J α of all elementary fields Φ α and on the sources Q of composite fields. The free energy is defined by
and the quantum effective action is obtained by Legendre transformation from W (J, Q),
where the "classical" fields are given by
where η α is a sign factor that depends on whether Φ α is bosonic or fermionic. Here and below we always take the left fermionic derivative.
IV. SYMMETRY-BREAKING VACUUM
Having generalized the parameter γ to the local sources M (x), V (x), U (x), N (x), our next step will be to express the horizon condition, ∂Γ(γ) ∂γ = 0, in terms of these sources.
The only restriction on our statement of the horizon condition in this more general situation is that it reduce to ∂Γ(γ) ∂γ = 0 at Q = Q 1 , where Q 1 is defined in (25) . For other values of Q, we may write any condition we wish, provided we reject any solution (if any there are) besides the one of the form Q = Q 1 . At Q = Q 1 , only the sources M and V depend on γ, and at Q = Q 1 we write M ab µν (x, γ) and V ab µν (x, γ). We have
where all other fields and sources are set to 0. At Q = Q 1 , we have, by (25) ,
This yields, for the horizon condition
It is shown in Appendix C that the two terms in in the last equation are equal at Q 1 ,
so, using the freedom to impose arbitrary conditions away from Q 1 , we impose both conditions,
Moreover at Q = Q 1 , space-time invariance, Lorentz, and global gauge invariance are respected, so we may replace the last equations by the more stringent conditions,
(38) Finally we note that since N and U are both fermionic, we may give a more symmetric expression to these conditions by also getting U = N = 0 as a consequence of two more stationary conditions, so we have altogether The only solution to these equations that is of interest to us is of the form
where γ ph has a definite value, as in the one-loop calculation given above. If there are other solutions they are rejected.
Observe that the classical vacuum, Φ = 0, Q = Q ph , that is the solution to the horizon condition (39), has less symmetry than the quantum effective action Γ(Φ, Q). In particular the U (f ) symmetry on the index i = (b, µ), noted above, is broken and, as we shall see, so are other symmetries. Thus there are flat directions of Γ at the classical vacuum, Φ = 0, Q = Q ph , that correspond to Goldstone particles. We shall see that Goldstone bosons and Goldstone fermions both occur.
To identify the Goldstone particles and evaluate their propagators, we must determine the Ward identities and the symmetries of Γ(Φ, Q), and the pattern of symmetry breaking at the symmetry-breaking vacuum Φ = 0, Q = Q ph . This will occupy the bulk of the present article.
V. SLAVNOV-TAYLOR IDENTITY
The Slavnov-Taylor identity that results from the explicit but soft breaking of the BRST operator s has been presented before [4] . We shall rederive it here by a somewhat simpler method with a different separation of terms.
We first derive the Slavnov-Taylor (ST) identity satisfied by Σ. We use sS 0 = 0, which gives
The action of s on Σ may be expressed in terms of the sources,
The last two equations yield the ST identity satisfied by the local extended action,
The Slavnov-Taylor identity for Z follows from the fact that the operator s is a derivative, and the integral of a derivative vanishes,
where η α = ±1 is a sign factor that depends on whether J α is bosonic or fermionic. We use (41) for sΣ, which comes outside the integral,
Likewise we have
We thus obtain the Slavnov-Taylor identity satisfied by the partition function,
where Ξ is the linear differential operator
The free energy W (J, Q) ≡ ln Z(J, Q) satisfies the same equation,
It follows from the Legendre transformation (30) and (31) that the quantum effective action Γ satisfies the same Slavnov-Taylor identity as the local action Σ,
where S(Γ) is defined in (44).
VI. REDUCED QUANTUM EFFECTIVE ACTION
In Appendix A we solve the Ward identities that correspond to the equations of motion of the fields c, b, φ, ω,ω,φ. This gives the complete dependence of the quantum effective action Γ on these fields [4] . Also in Appendix A, the Ward identity corresponding to the integrated equation of motion of the Faddeev-Popov ghost field c is solved. This is believed to be a new result.
According to eqs. (A36), (A42), (A47), (A48), and (A50), Γ is expressed in terms of the reduced quantum effective action Γ *
that depends on a reduced number of variables defined by
This gives the complete dependence of Γ on b,c and on the 4 auxiliary ghosts φ, ω,ω,φ. Moreover Γ * depends only on the derivatives ∂ µ c of c, but not on c itself.
Each term in Σ inv contains at least one ghost field (c, φ,φ, ω,ω) that is not differentiated whereas, according to (53), only the derivatives of these ghost fields appear in the reduced action Γ * , but not the ghost fields themselves. Consequently Γ * contains no radiative corrections to the terms in Σ inv , and they are invariant under renormalization. This includes in particular the gluon-ghost
at the values of the sources Q = Q 1 .
The local extended action Σ has the same decomposition as Γ,
where the reduced local action is given by
(56) When the sources Q are given the values Q 1 , eq. (25) , that correspond to the action S(Φ, γ) = Σ(Φ, Q 1 ), one has
where I ab = δ ab . Thus Σ inv (Q 1 ) contains the gaugefixing term, (i∂ λ b, A λ ), all ghost-ghost-gluon vertices, and the quadratic terms
ca λ that are responsible for gluon-ghost mixing. These terms are all invariant under renormalization.
Expressions (52) and (53) for the quantum effective action Γ severely restrict possible counter terms. For example, no mass terms such as m 2φ µ φ µ are allowed.
VII. SLAVNOV-TAYLOR IDENTITY SATISFIED BY REDUCED QUANTUM EFFECTIVE ACTION
We shall derive the Slavnov-Taylor identity satisfied by the reduced quantum effective action in two steps.
Step 1. We substitute expression (A36) for Γ into the ST identity (51) to obtain an identity satisfied by the partially reduced quantum effective action Γ ′ . We first rewrite (51) as
where we have separated out the part that is linear in Γ,
and we find
so the contribution to S(Γ) from Σ p is given by
We also evaluate the partial derivatives,
which yields
(69) The terms in Y λ cancel, and the Slavnov-Taylor identity simplifies to
Step 2. We make the change of variable (A47) and (A48) with the result that the reduced quantum effective action satisfies the Slavnov-Taylor identity
The linearized form of S * (Γ * ), defined by
is given by
This operator is nil-potent,
by virtue of the ST identity S * (Γ * ) = 0. The reduced ST identity and the linear operator B Γ * are independent of γ and g. They expresses the geometric character of a quantum gauge theory, which is the same for γ = 0 and γ = 0.
VIII. GLOBAL WARD IDENTITIES
An extensive set of Ward identities for the quantum effective action Γ is provided in [5] . Here we shall express them as identities satisfied by the quantum effective action Γ * .
In Appendix A it is shown that the generator of translation of the ghost c by a constant,
is a symmetry of Γ * , G * a Γ * = 0. If we commute G * a with S * , we get the generator of rigid gauge transformations,
as is obvious from (74). It is a symmetry of Γ * ,
The fermionic operator,
is a super-symmetry of the extended local action
Here we have used the notation φ Because R j i acts linearly on the fields, it is also a supersymmetry of the quantum effective action
We write Γ = Σ inv +Γ * , where Γ * is a reduced action, and make the change of variables, defined in (52) and (53). We have
and we obtain the reduced Ward identity
If we anti-commute R * j i with S * ,
we get the generator of global U(f) transformations that acts on the i and j indicies,
The bosonic operator,
is another symmetry of the extended local action
It also acts linearly on the fields, and is a symmetry of the quantum effective action
We have Γ = Σ inv + Γ * , where Γ * is the reduced action, and find
Under the change of variable (52) and (53) we obtain the reduced Ward identity
If we commute F * i with S * ,
we get the new functional,
which provides a new Ward identity by virtue of the preceding identities,
IX. INVARIANTS UNDER LINEAR SYMMETRIES
The U(f) symmetry is a global symmetry under which the fields transform linearly. This symmetry is realized in Γ * by summing over upper and lower indices i or j such as, for example,
, and Γ * is a function of the tensor invariant obtained by this sum over i. The symmetries generated by R * j i and F * j are also global symmetries under which the variables transform linearly, and we wish to form invariants under these symmetries also. Because R * j i is a super-symmetry operator, the basic tensor invariant of which all others are constructed is obtained from contracting two supermultiplets. From the form of R * j i , given in (88), we see that m and n must appear together, multiplied respectively by v and u, and from the form of F * j , given in (96), we see that n and k must appear together, multiplied respectively by u and ∂c. This suggests grouping these fields into the super-multiplets 
is expressed by
In Faddeev-Popov theory we haveψ aA µ ψ a µA = k a µ ∂ µ c a , and we note in passing that (102) shows that the present theory with auxiliary bosons has the same number of independent renormalization constants as Faddeev-Popov theory in Landau gauge, namely 2. We call invariants that are formed by contraction on the A-indices "ψψ-invariants". They have fermi-ghost number 0.
In our analysis of symmetry-breaking to find the Goldstone and non-Goldstone modes we shall be interested in possible non-derivative terms in Γ * , for they are dominant in the infrared. They may be formed from the basic invariant tensor
Allowed non-derivative terms must also be Lorentz and global color invariant, and are formed by contraction on the Lorentz and color indices. Possible invariant terms in Γ are thus
The linear symmetries R * and F * , leave u and v invariant,
so we may also make invariants under these symmetries and U (f ) by contracting the i indices of u i and v i , such as for example
Furthermore c and L are separately invariant under the linear symmetries, as is A, and moreover c appears only as the derivative ∂ µ c. There are no other invariants under the linear symmetries U (f ), R * , and F *
We now consider the consequences of conservation of total fermi-ghost number. The invariant of uv-type, such as (107), has fermi-ghost number -1, so it appears in Γ only in association with an invariant that has fermi-ghost number + 1. The only invariant under the linear symmetries with fermi-ghost +1 is ∂ µ c. So the uv-invariant must appear in the combination uv∂c, for example
We call these "uv∂c-invariants." The only other invariant with fermi-ghost number 0 is of L∂c∂c-type, such as
These are the only invariants under the linear symmetries with fermi-ghost number 0. Since the reduced quantum effective action Γ * has fermi-ghost number zero, the only invariants that appear in it are of the 3 types we have found,ψ ψ, uv∂c, L∂c∂c,
which may be freely combined with A. We assign separate Faddeev-Popov and auxilliary fermi-ghost number to the various fields and sources as shown. Of the 3 possible invariant types with fermi-ghost number 0, theψψ and L∂c∂c types separately conserve Faddeev-Popov and auxiliary fermi-ghost number, whereas uv∂c type has Faddeev-Popov fermi-ghost number +1 and auxiliary fermi-ghost number -1. Thus, although Faddeev-Popov and auxiliary fermi-ghost number are not separately conserved, there is no invariant with negative Faddeev-Popov ghost number. Consequently when we decompose Γ * into terms with definite FaddeevPopov fermi-ghost number n, no negative terms appear in the sum
This will simplify the calculation of the propagators. To obtain invariants under the Slavnov-Taylor identity is more difficult because it is non-linear. The following statement is useful in this regard, but it is not as strong as one would like because it does not solve the problem of A-dependence.
Statement: an action formed from linear combinations of the tensor invariants given in (105) satisfies all the Ward identities and the Slavnov-Taylor identity (71) of the reduced quantum effective action Γ * . We shall prove this for a particular example, but the proof is easily generalized to any linear combination of the tensor invariants. For our example we take
It is straightforward to verify that the global Ward identities are satisfied,
To show that I satisfies the ST identity (71)
we observe that
so S * 0 (I) = 0. We also have
and we conclude L * 1 I = 0. The only slightly non-trivial part of the calculation of L *
We conclude that L * 2 I = 0, so the ST identity, S * (I) = 0, is satisfied.
X. ON-SHELL SYMMETRIES
We shall not attempt to further exploit BRST symmetry. Instead we shall go on-shell and consider on-shell symmetries. The only appearance ofc in the action S occurs in the Faddeev-Popov ghost action (∂ µc , D µ c). We cancel all other terms in the action that are linear in c, and thus of the form (L, c), by the shift
This cancels the third term in
which simplifies to
This allows us to ignore off-diagonal correlators of the typeωc, which correspond to n ≥ 1 in (111). We form the real and imaginary parts of the bose ghost,
and, after integrating by parts, we obtain
We now integrate out the Lagrange multiplier field b, so the transversality condition ∂ λ A λ = 0 is satisfied identically (on-shell gauge condition). This makes the Faddeev-Popov operator symmetric,
and we obtain
To display the symmetries of the bosonic part of the action, we form the vector
where p = 1, ...2f , so the action reads
(127) The bosonic part displays an O(2f ) symmetry that acts on the index p. This symmetry group has f (2f − 1) real parameters whereas the U (f ) symmetry group previously displayed has only f 2 real parameters. Thus the O(2f ) symmetry group is more restrictive, which reduces the number of invariant tensors.
The only bilinear invariants that may be formed are given by Z a p Z b p , which may be expressed in terms of the original fields,
The last term corresponds to the the symmetric part of the tensor invariant (104) when external sources are introduced. The reduced variables involve the derivatives of the fields, so we replaceφ in the above analysis. Our analysis of invariants may be applied to the O(2f ) symmetry, with the conclusion that only the symmetric part of the tensor invariant (104) found previously,
is a tensor invariant under the larger symmetry group.
XI. EXPANSION OF Γ * ABOUT THE SYMMETRY BREAKING VACUUM
There remains to express the horizon condition in terms of the reduced quantum effective action Γ * and the reduced variables. By (54), we see that This defines the symmetry-breaking vacuum.
As in the Higgs model, to identify the Goldstone particles we expand the reduced effective action Γ * about the symmetry-breaking stationary point, keeping terms that are quadratic. We are concerned with the infrared behavior, and as a first task we consider that part of Γ * in which there are no derivatives of the reduced variables, A, ∂c, k, L, m, n, u, v, and which we call Γ * 0 . We temporarily ignore the dependence of the reduced quantum effective action Γ * on A, which we may do because the global symmetries R j i and F j leave A invariant. Then Γ * is a function of the bilinear invariant we have just found. To expand Γ * about the stationary point Φ = 0, Q = Q ph , eq. (40), we need a tensor invariant that vanishes at this point, so it is a small quantity nearby. At this stationary point, the tensor invariant we have just found has the value
By subtracting out this term, we obtain the desired tensor invariant
that satisfies
It is symmetric upon interchange of both indices
We expand Γ * 0 (the part of the reduced effective action Γ * that involves no derivatives of the reduced variables) in powers of this invariant tensor, where terms of order s 3 and higher are neglected. At the stationary point (131), we have δs δm = 0, so the first coefficient must vanish, α = 0, and we obtain,
where we have neglected terms that are higher order in s.
To find the infrared limit of the propagators, we express the reduced variables in terms of the fields. At the stationary point Q ph , eq. (40), they are given by 
by (40) and (53), where the term γ 1/2 gf dabωab µ in k a µ has been dropped because of the shift (120). This gives
where the dots in the last line represent terms that are quadratic in the fields. The leading term is linear in the fields, with coefficient γ
ph . We substitute this expression for s ab µν into (137) and obtain
where β, δ, ǫ are unknown constants. We decompose Y ab µ into its color-symmetric and anti-symmetric parts,
which gives
where α, β, δ are (renamed) constants, and repeated indices are summed over. To decompose into longitudinal and transverse parts, we write
and obtain, after integration by parts, the final form of Γ * 0 ,
The only components of ∂ µ Y ab ν that are absent are the longitudinal part that is anti-symmetric in color indices, ∂ µ Y [ab] µ . The terms that appear in the last expression are the non-flat directions, provided that the coefficients are nonzero. The ghost fields that do not appear are flat directions and represent Goldstone bosons and fermions. These are c,c, ω,ω, X, and ∂ µ Y [ab] µ . If there are additional constraints in addition to those found here (and it should be noted that we have not implemented BRST symmetry exactly), there could be more flat directions corresponding to more Goldstone ghosts.
XII. DERIVATIVE TERMS IN REDUCED EFFECTIVE ACTION
Recall that the effective action Γ * 0 contains all nonderivative quadratic terms in the reduced quantum effective action Γ * that are allowed by the symmetries of Γ * . 4 For SU(2) the further decomposition of these parts into irreducible representations labeled by their dimension is given by
and for SU(3) it is
To evaluate the infrared limit of the propagators of fields that do not appear in Γ * 0 , we must evaluate the quadratic terms that that involve first derivatives of the reduced variables, and that are invariant under the symmetries of Γ * . They are obtained by applying derivatives to the supermultiplets, out of which the bilinear invariant (104) was constructed, that possesses the global O(2f ) symmetry, namely
This is quadratic in the fields because the derivatives kill the constant term γ 1/2 ph that appears in (138). In principle we should take the symmetric part, as in (129), however only the symmetric part will contribute. The most general color and Lorentz invariant that can be constructed from this tensor is given by
where ǫ and ζ are unknown constants for which only perturbative calculations are available. In principle there could be a third term δ κν δ λµ ∂ κψ aB λ ∂ µ ψ a νB , but it may be brought into the form of the second term by partial integration. We substitute (138) and obtain
where η ≡ ǫ + ζ, and we have written i = (λ, b) for the index i on X a i and Y a i . We have obtained second derivatives of the fields, because the reduced variables m, v, u, n are themselves first derivatives of the field variables.
XIII. EFFECTIVE ACTION IN THE INFRARED LIMIT
According to (54), the quantum effective action is given by Γ = Σ inv + Γ * . We keep the quadratic parts of each term,
The b-field has been integrated out, so the only remaining quadratic term in Σ inv is, by (57),
In the reduced action Γ * we also expect terms of the form
However when the physical values of the reduced variables (138) are substituted, they are at most of order
and they are subleading in momentum compared to Σ inv,q , and we neglect them. Finally, there is a term quadratic in A, which we write as
where κ has not been determined, but is restricted to either
The complete quadratic action in the neighborhood of the classical vacuum that spontaneously breaks the symmetry is given by
where the individual terms are given in (151), (146), (149), and (154).
XIV. INFRARED LIMIT OF PROPAGATORS OF GOLDSTONE PARTICLES
Having obtained the quadratic part of the reduced quantum effective action Γ * in the neighborhood of the classical vacuum, we can calculate the infrared asymptotic limit of the propagators.
The fields X, ω,ω, c,c, and
µ , do not appear in Γ * 0 or Σ inv,q . These flat directions define the Goldstone particles. From (149) we can immediately write the asymptotic, infrared propagators in momentum space,
They exhibit a double pole, as originally found by Gribov for the cc propagator in a one-loop calculation [1] . Here we find that this double pole is an exact consequence of the Goldstone mechanism which is non-perturbative. This accords with the intuitive picture, substantiated by numerical studies [2] , according to which the restriction to the interior of the Gribov horizon entropically favors population close to the Gribov horizon where the Faddeev-Popov operator M has its first (non-trivial) zero-eigenvalue, and thus for the fermi-ghost propagator D cc (x − y) = (M −1 ) xy to be enhanced in the infrared. The Goldstone mechanism is doing the job it should.
According to (146), the only remaining Goldstone particle is the longitudinal part of Y [ab] µ . We decompose Y
[ab] µ into its transverse and longitudinal parts,
The propagator of Y
[ab]
L,µ is found from the restriction of
L,µ , namely, by (149),
which gives for the propagator
is the longitudinal projector, and
is the identity in the color anti-symmetric subspace. As we shall discuss shortly, this propagator is a candidate for a carrier of a long range force. This completes the evaluation of the propagators of the Goldstone particles. They all have double poles 1/(k 2 ) 2 .
XV. PROPAGATORS OF GLUON NON-GOLDSTONE GHOSTS
The non-Goldstone particles consist of A, Y 
with a color and Lorentz structure that is easily obtained by inverting the color-symmetric part of (146), that is, the terms with coefficient α and β. Because the reduced variables depend on the derivatives of the ghost fields, the Goldstone particles have double poles instead of simple poles and the non-Goldstone particles that appear only in the reduced quantum effective action have simple poles. There remains to evaluate the propagators of A and Y
[ab]
T,µ . The color adjoint part of Y [ab] T,µ , defined by
mixes with A in Σ inv,q , and the orthogonal components of Y
[ab]
T,µ will have simple 1/k 2 poles. To find these propagators, we separate out the part of the effective action that contains the gluon and ghost modes that mix,
where δ comes from (146). In momentum space this action corresponds to the matrix
The determinant of this matrix is given by
but for either value of κ, it is dominated in the infrared limit by the second term. This gives for the transverse adjoint propagators of A a µ and Y a T,µ in the infrared asymptotic limit,
These three propagators are short range. The gluon propagator vanishes like k 2 at k = 0. This non-perturbative result comes from the nonrenormalization of the A-Y mixing term and, by the magic of the inverse of a 2 × 2 matrix, from the term δk 2 in the quantum effective action of the Y -ghost.
We use the projector onto the color-adjoint part,
to find the propagator in the original basis,
where δ comes from (146).
XVI. GOLDSTONE GHOSTS AS CARRIERS OF LONG-RANGE FORCE
The X-bose-ghost appears only in closed loops, like the fermi-ghosts, so it cannot be exchanged between quarks. In fact, if the X-field is integrated out, one obtains the factor, (det M ) −f /2 , which partially cancels the factor (det M ) f produced by the f auxiliary fermi-ghost pairs 
L,µ , in the adjoint representation. The result is an effective quarkquark interaction given bȳ
At first sight it appears that the double pole corresponds to a linearly rising potential between quarks. However in Landau gauge, an external ghost k momentum factors out of every vertex diagram with an external ghost line, 5 so the Y -ghost-quark vertex is of the form
is finite at k = 0. Thus the quark-quark interaction due to exchange of a single Y quantum is given, at small k, byq
The on-shell form factor, with p 2 = m 2 and p ′ 2 = m ′ 2 , and with Dirac spinors satisfying γ·p q(p) = m q(p);q(p+k) γ·(p+k) = mq(p+k) (180) is given at small k, bȳ
Thus the exchange of a Y -type Goldstone boson between quarks results in the effective quark-quark interaction
This interaction is of order 1/k 2 and does not represent a linearly rising potential between quarks. Nevertheless it does correspond to one-particle exchange between quarks of a massless quantum in the color-adjoint representation. A further non-perturbative analysis, which we do not attempt here, would be required to determine if it can be the origin of a confining force. Moreover, as we have noted, there could be additional flat directions corresponding to additional Goldstone bosons in the Y T channel, which would modify this effective quark-quark interaction. We shall return to this possibility in the concluding section. A one-loop calculation of the effective potential between quarks using the present action is reported in [13] .
XVII. SYMMETRIES OF THE LAGRANGIAN DENSITY
This section offers a possible interpretation of the spontaneous symmetry breaking we have found, but it does not modify the calculation reported here.
Recall that the symmetry-breaking we have found occurs spontaneously in the quantum effective action Γ(Φ, Q) when the sources Q are transformed appropriately. Indeed, we have seen in sect. III that Γ(Φ, Q) obeys Ward identities that express the global symmetries R j i , and F j , and the BRST-symmetry s of S 0 . These symmetries are explicitly, though softly, broken by the dimension 2 term L γ in the local action S. It is natural to ask, "Could these symmetries of the quantum effective action Γ also be symmetries of the local action S?"
To make the question precise, we quantize in a periodic Euclidean box. In this case, the answer to the question is "No, s and R j i , and F j are not symmetries of the action S. But they are symmetries of the Lagrangian density L that hold locally, within each coordinate patch in which the Cartesian coordinates x µ are well defined." (The coordinates x µ are not well defined globally on a periodic box because they are not periodic.)
Within such a coordinate patch, the Lagrangian density L = L 0 +L γ at finite Gribov mass γ may be obtained from L 0 at γ = 0 by the change of variable [5] ,
and all other field variables are unchanged. By this change of variable, each symmetryX of L 0 is translated into a symmetry of L. A thorough analysis of the symmetries of L 0 is presented in [5] . The change of variable contains x µ explicitly, so it is not translation invariant. Nevertheless both local Lagrangian densities L 0 and L are translation-invariant. This happens because both Ldagrangian densities are invariant under shift of φ andφ by constants,
with a compensating shift of b andc. We have not considered this invariance explicitly because it is implicit in the solution of the equations of motion of the ghost fields given in Appendix A that is used in (53). We exhibit the BRST operator that is a symmetry of L. An alternative non-local BRST operator that is a symmetry of S may be found in [21] . For this purpose we introduce the operatorŝ that acts on the Faddeev-Popov fields in the usual waŷ sA ≡ Dc;ŝc = −(g/2)c × c;ŝc 
It is a symmetry of
Under the change of variable (184),ŝ acts on the transformed fields according tô
and the action on the other fields is unchanged. Here the fields are evaluated within a coordinate patch at the point x, soω =ω(x), etc. Since this is merely a change of variable,ŝ is a symmetry of L(φ µ ,φ ν , b,c),
The symmetryŝ is spontaneously broken because the vacuum state satisfies
so the expecation-value of anŝ-exact quantitiy is nonzero.
Because of the Ward identities satisfied by the auxiliary ghosts, the reduced quantum effective action
depends only on the combinations m = M + ∂φ and v = V + ∂φ. The symmetry-breaking vacuum is given by m = −v = γ 1/2 , and we may equivalently attribute γ
either to the sources M = −V = γ 1/2 , as we have done previously, or to the fields ϕ
If it is attributed to the sources, then L breaks the symmetry explicitly but softly; if it is attributed to the fields then L breaks the symmetry spontaneously.
Although these two points of view are strictly equivalent for the purpose of calculating the propagators, it may be helpful, when considering the problem of unitarity and positivity of the present approach, to consider the BRST symmetry as being spontaneously broken.
Finally we note that a sufficient condition for the existence of a conserved BRST Noether current is that the symmetry operatorŝ be well defined within a coordinate patch. To exhibit this current, consider the infinitesimal variation
where ǫ(x) vanishes outside a coordinate patch on which the coordinate x µ is well defined, but is an otherwise arbitrary function of x. Sinceŝ is a symmetry of the Lagrangian density, we have, by Noether's theorem,
is the conserved BRST current.
XVIII. DISCUSSION
In the present work we have shown that the fermi ghosts and some bose ghosts are the Goldstone particles of a symmetry that is spontaneously broken at the level of the quantum effective action Γ. Their propagators possess a double pole.
The double pole in the fermi ghost propagator agrees with the Kugo-Ojima confinement criterion [22] . The relation between the present approach and the Kugo-Ojima approach has been clarified recently [17] . We have not fully exploited the Slavnov-Taylor identity because of its non-linearity, and in principle there could be other symmetries, not considered here, that further constrain Γ. Thus there may be additional flat directions besides the ones whose existence we have established, and corresponding additional Goldstone particles. These could only be in the Y propagator, because the propagators of all other ghosts have double poles. In this respect a comparison with the recent perturbative calculations of Gracey [13] is illuminating. Starting from the present action, Gracey has calculated the ghost and gluon propagators to one-loop order and imposed the horizon condition to this order. Although our calculation of the infrared limit of propagators is non-perturbative, the symmetries we have found hold order by order in perturbation theory, and the Goldstone particles we have found should be seen in each order of perturbation theory when the horizon condition is imposed. Indeed, the double poles we have found the the c-c, ω-ω, X, and Y
[ab] L propagators also appear in Gracey's calculation, as does the suppression of the gluon propagator.
6 However he finds additional double poles in the transverse part of the Y -Y propagator that we have not found. This suggests that further exploitation of the Slavnov-Taylor identity would reveal additional Goldstone bosons corresponding to the additional double poles found in one-loop by Gracey. If present, they would modify the quark-quark effective interaction given in (182).
We have found as an exact result, eq. (169), that the gluon propagator D(k) vanishes like k 2 at k = 0,
as originally found by Gribov [1] . This nicely explains the absence of gluons from the physical spectrum. Indeed, the equation D(0) = 0 is not compatible with the Lehmann representation,
and a positive spectral function ρ(M 2 ) ≥ 0. However the short range of the gluon propagator only deepens the mystery, in the Gribov approach in Landau gauge, of the origin of the long-range confining force between quarks. Indeed, in his original paper, Gribov turned from the Landau to the Coulomb gauge to address this problem [1] . The exchange of a massless quantum between quarks that is assured by the Goldstone mechanism exhibited here may offer a resolution of this dilemma. This possible confinement mechanism is also proposed in [13] .
From the results
2 , where D cc is the Faddeev-Popov ghost propagator, we obtain for the renormalization-group invariant running effective coupling constant [23] ,
the finite infrared limit
in agreement with the one-loop result [13] . It was recently proposed [24] that there is a triple pole in the Y-propagator which, with the factorization of ghost momentum from quark-ghost vertex, eq. (177), gives an effective one-particle exchange between quarks of the form 1/(k 2 ) 2 that could be the carrier of a linearly rising potential between quarks. Although a triple pole is not indicated by the present calculation, it remains a possibility if the coefficient of the (k 2 ) 2 term in the effective action of the relevant Y ghost were to vanish. In any case, we also find here that the longest range force between quarks arises from exchange of a Y-quantum.
The infrared exponents (infrared power laws of the propagators) that we have obtained are integer, as they are in finite-order of perturbation theory [13] . In contrast, a recent solution of the Dyson-Schwinger equation derived from the local action used here [25] , gives noninteger infrared exponents. This difference may have its origin in truncation error in the Dyson-Schwinger calculation, or possibly to different choice of Gribov copy (different gauge) inside the Gribov horizon, or in the fact that the behavior obtained here is delicate because it holds only at γ = γ ph , and could be missed in a DysonSchwinger calculation. It would be of interest to look for solutions to the Dyson-Schwinger equations that have the infrared limit that has been found here.
We now turn to a comparison with lattice data, which has been reviewed recently in [26] . Recall that we have obtained a gluon propagator that vanishes like k 2 , independent of dimension. In 2 Euclidean dimensions it is found numerically that D(0) = 0, in accordance with this result, but numerically it appears that D(k) vanishes like k p , with p < 2 [27] . In contrast, on large lattices in 3 and 4 Euclidean dimensions, it appears that the gluon propagator is finite, D(0) > 0, at k = 0 [28] [29] [30] [31] [32] [33] [34] . In 3 dimensions there is a clear turnover of D(k) which has a maximum at finite k, and approaches its infrared limit, D(0), from above,
> 0 at low k. So in 3 dimensions D(0) though finite, is suppressed at k = 0 [26, 34] . Note that from the Lehmann representation (198), the first deriveative of D(k 2 ),
is negative if the spectral function is positive, ρ(M 2 ) ≥ 0. Thus the observed turnover of D(k) in 2 and 3 Euclidean dimensions, with ∂D(k) ∂k > 0 at low k, implies that the gluon field produces unphysical excitations. In d = 4 dimensions there appears to be a shoulder in D(k), if not a turn-over, and this would also contradict the Lehmann representation with positive spectral function, because every derivative
(∂k 2 ) n is monotonic. The only explanation at hand for the observed turnover of the gluon propagator in 2 and 3 dimensions is the suppression of infrared modes due to the proximity of the Gribov horizon in infrared directions, and which is otherwise counter-intuitive. It is puzzling that the main qualitative feature of the Gribov scenario is confirmed by latttice studies, namely suppression of infrared gluon modes, but numerically there is disagreement with lattice data at k = 0. The situation with the ghost propagator is similar. We have found that the fermi-ghost propagator has a double pole 1/(k 2 ) 2 , corresponding to a dressing function k 2 G(k) that diverges at k = 0. However lattice data show a ghost dressing function that does increase as k descreases, but which appears to level off at the lowest k available [26] .
A possible way out has been proposed by Maas [34] . He has studied numerically the properties of different Gribov copies inside the Gribov horizon, and found that, depending on the choice of weight given to different copies, one may impose any one of a continuum of values for D(0), the gluon propagator at k = 0. This effectively makes D(0) into a gauge parameter, within the class of Landau gauges inside the Gribov horizon. Thus it is possible that the results obtained here correspond to a particular Landau gauge within the Gribov horizon. An alternative approach which accords with the lattice data is to modify the local action used here to account for condensation of dimension-2 operators [35] .
Other unresolved questions are the identification of the physical states and observables. It has been found that renormalization of the operator F 2 requires both BRST exact and BRST non-invariant quantities to construct a quantum operator invariant under renormalization-group equations [12] . A possible construction of physical observables is developed in [36] . We remain far from a satisfactory understanding of the phases of QCD.
We use
to write this as δΣ
Again this is at most linear in the derivatives and the field A µ , so Γ satisfies the same equation
which is the second Ward identity. It has the solution
and we have made use of our previous result. This gives the complete dependence onω andφ.
To derive the third Ward identity, we start from
One can show, using the equation of motion of b that the quantum effective action satisfies the same equation,
which is the third Ward identity. It may also be written
which has the solution
(A21) This gives the complete dependence on ω. We wish to write this solution for ω in a way that is compatible with our previous solution forω. To this end we write
The terms in ∂ λ A λ cancel and we obtain
This expression is compatible with the previous solution forω (andφ), and we obtain
and the primed variables are defined below in (A38). This gives the complete dependence onω,φ, and ω.
To derive the fourth Ward identity we start from
We use the identity,
to write this as
The quantum effective action satisfies the same equation, which yields the fourth Ward identity,
This has the solution
This gives the complete φ dependence. To make the solution for φ compatible with the solution forφ andω, we make use of the fact that the dependence on V λi +∂ λ φ i is completely arbitrary, and moreover, in the solution for φ we may freely choose the dependence on the variablesφ,ω, ω to be consistent with our previous solution. We write
is given below in (A38). The dependence of K ′ onω is now consistent with (A8) and (A9). We substitute (A33) into (A30). The terms in ∂ · A cancel, and we obtain
One-loop calculation of the vacuum free energy
We wish to evaluate the dependence of the free energy Γ(0, γ) upon γ, to one-loop order, starting from the action (1). To this order, it is sufficient to consider the quadratic part of this action. The quadratic action of the fermi-fields c,c, ω,ω is independent of γ and we suppose that they are integrated out. There remains More generally, since we are only interested in the γ-dependence, and γ appears only in the A-φ and A-φ mixing term, we may freely integrate out all other fields besides the ones that mix. We integrate out the b field. This imposes the Landau-gauge constraint ∂ · A = 0, so A is purely transverse, ∂ · A = 0. We may decompose φ andφ into their longitudinal and transverse parts. Since A is purely transverse, only the transverse parts of φ and φ mix with A. We suppose that the longitudinal parts of φ andφ are integrated out, so these fields are now also purely transverse. We decompose φ andφ according to
Only Y mixes with A, and we integrate out X. The action now reads, is a projector P ab,cd P cd,ef = P ab,ef .
We complete the diagonalization by forming the iparticles [36] ,
so S q is diagonal,
where we have written
This action is diagonal in momentum space. We quantize in a periodic Euclidean box of volume Ω, so
and similarly for η, so the action reads
where k µ = 2πn µ /L and Ω = L D , and n µ runs over all integers. The one-loop contribution to the partition function, with all sources set to 0, is given by
For each k there are N 2 − 1 color components and D − 1 (transverse) Lorentz components, of the fields λ and η, which gives 
We obtain in dimension D, (B23) We write D = 4 − ǫ, and take the limit ǫ → 0, which gives,
where we have introduced a normalization mass µ. We drop the pole term, and obtain for the one-loop contribution to the quantum effective action,
Appendix C: Proof of identity
In this Appendix we prove equality (35) . By (31) it is sufficient to show .
In the formula for the partition function, we set to zero all sources besides M and V , namely K = L = N = U = 0, and J α = 0 for all sources J α of the elementary fields Φ α . We integrate out the b field so the Landau gauge condition, ∂ · A = 0, is satisfied on-shell. We next integrate out thec field which gives δ(Mc) = det M δ(c), where M = −∂ µ D µ = −D µ ∂ µ is the Faddeev-Popov operator which is hermitian because ∂ · A = 0. Here det M is the Faddeev-Popov determinent, and δ(c) is the functional delta-function, which may be written in a mode expansion δ(c) = i c i .) We next integrate out c, which results in setting c = 0 everywhere, and we integrate out the auxiliary fermi ghosts ω andω which gives a factor of (det M) f . As a result, the extended action Σ is replaced by 
In the last integral we make the change of variable φ =φ ′ andφ = φ ′ . Then, after dropping primes and using the hermiticity of the Faddeev-Popov operator, (φ , which proves the assertion.
